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Numerical Simulation of Mixing for Tlirbulent Slot Injection

P. Gerlinger,* J. Algermissen^ and D. Briiggemann1^
University of Stuttgart, 70550 Stuttgart, Germany

Flowfields are simulated that are induced by sonic jets injected into supersonic airstreams. Results on structure
and mixing of such jets are presented. Several two-dimensional cases are treated using a low-Reynolds-number
q-ij turbulence model. The influence of some turbulence modeling corrections and of artificial dissipation are
investigated for flat plate test cases where nitrogen is injected transversely into the supersonic airstream. The
results demonstrate the necessity to use modeling corrections and to reduce artificial viscosity in near-wall regions.
The numerical code is also used to calculate a similar transverse helium injection into a ducted airstream. In a
further investigation hydrogen is injected axially into the mainstream. In this case mixing is strongly influenced
by turbulent diffusion. Pressure and species profiles are compared with experimental data.

Nomenclature
C<yi = low-Reynolds-number function
c = speed of sound, m/s
D = divergence of the velocity field, m/s
Dq = low-Reynolds-number damping function
E = total specific energy, m2/s2

F, G = flux vector in jc, y direction, respectively
hi = specific enthalpy of species i, J/kg
k - turbulent kinetic energy, m2/s2

/, = turbulent length scale, m
lw = nearest wall distance to a volume center, m
Mt = turbulent Mach number, (^/2q/c)
Nk = number of different species
p, pt = static, total pressure, respectively, N/m2

Q = conservative variable vector
q = turbulence transport variable, (V£), m/s
qx, qy = heat flux, W/m2

Rq = turbulent Reynolds number
S = source vector
5 = strain invariant, 1/s2

Tu = turbulence intensity
t = time, s
u,v - velocity components, m/s
ut, vt = diffusion velocities of species /, m/s
u?ref = absolute reference velocity, m/s
Xi = mole fraction of species i
x,y = Cartesian coordinates
Yt - mass fraction of species i
y+ = nondimensional wall distance
€ = dissipation rate of &, m2/s3

IJL = viscosity, kg/(ms)
p = density, kg/m3

r = stress tensor, kg/(ms2)
co = turbulence transport variable, (€/&), 1/s

Subscripts

inj = injected
m = molecular
n = normal to the wall
t = turbulent
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Introduction

W ITH growing interest in supersonic combustion, an accu-
rate simulation of the turbulent injection and mixing process

of gaseous fuel into a supersonic airstream became very impor-
tant. The complicated physics of such flowfields cause the modeled
equations, governing turbulence, to become mathematically stiff,
making numerical solutions difficult. An exact modeling of the in-
jection process, including separation in front and behind of the in-
jector, requires the integration of the turbulence model directly to a
solid boundary. However, near-wall corrections for low-Reynolds-
number models often lack in robustness. All results of this paper are
obtained using a low-Reynolds-number q-co turbulence closure.1 In
previous investigations,2 we also employed a low-Reynolds-number
k-€ model in a version of Launder and Sharma.3 For wall slot in-
jections at high pressure ratios the q-co model was found to be
superior to the k-e model because of its high numerical stability,
which enables convergence even in cases where we failed with the
k-€ closure. A second very important advantage of the q-co model
is the option for stationary flows to initialize the turbulent flow-
field with constant freestream values. With this technique, solutions
are obtained even in cases with injection, massive separation, and
shock-wave/boundary-layer interaction.

Governing Equations
The two-dimensional, averaged Navier-Stokes and species trans-

port equations for a multicomponent gas are given by
BQ
8t dx dy
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and j = 1, 2, . . ., A^— 1. Note that a contribution from turbulence
is included in

are obtained from corresponding constants in the k-e model, the
constants for the latest version are based on the k-oo2 model.13 The
turbulent transport variables are q = +Jk and co = 6/k. The field
equations for these variables are written as

Using a Boussinesq approximation, we get

'dv

du
^=2^-2/3^ + ̂ -2/3,*
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where fjL=-[Am+iAtis the sum of the molecular and turbulent (eddy)
viscosities. In the same way the conductivity and diffusivities of the
gas are formed by a molecular and turbulent part using constant
turbulent Prandtl and Schmidt numbers4 of 0.9.

Numerical Method
For solving the governing equations as well as the turbulence

transport equations an implicit lower-upper symmetric Gauss-
Seidel (LU-SGS) method4'5 in finite volume formulation is em-
ployed. For high-Reynolds-number flows it is often sufficient to
use only the inviscid Jacobians in the implicit operator to integrate
the full Navier-Stokes equations in time. However, low-Reynolds-
number turbulence closures require very fine grids near solid walls.
There and within separated regions the flow is often dominated by
viscous effects, and it is advantageous to add viscous Jacobians in
the implicit operator. This is done in a simplified form based on the
thin-layer Navier-Stokes equations.2-6 The integration of the turbu-
lence transport equations is done in a decoupled way from the fluid
motion because no improvements could be achieved in case of a
coupling. Therefore we first integrate the mean flow equations in
time with frozen values of q and co and in a next step integrate the
turbulence equations with frozen mean flow values. As it is often
complicated to transform a flow problem using one single grid, the
complete code is held in a block structured form.

Artificial Viscosity
For the right-hand side (RHS) discretization we use central dif-

ferences. Therefore we need some kind of artificial viscosity to
reduce oscillations near shocks and enable convergence to machine
accuracy. Usually this is a blend of second and fourth differences,
originally developed by Jameson et al.,7 where the artificial dissi-
pation is scaled by the spectral radius of the concerning flux Ja-
cobian. Recently Turkel8 and Swanson9 introduced a matrix dissi-
pation for the Navier-Stokes equations that permits reducing the
amount of artificial dissipation by scaling each equation individu-
ally. We have extended this procedure to multicomponent flow.10

All results presented in this paper are calculated using a matrix dis-
sipation. With a special sensor and correct parameters the second-
order scheme becomes first order upwind near shocks and gets to-
tal variation diminishing (TVD) properties.9 A free parameter is
used to blend over between the original non-TVD and the more
dissipative TVD sensor, both based on the pressure. The amount
of added artificial dissipation may also have an influence on the
spread of separated regions. Because of the highly stretched grids
near solid walls we used an anisotropic scaling. Additionally, the
scaling functions are multiplied by a normalized local relative ve-
locity, ^/(u2 + v2)/wr&f, to reduce artificial viscosity in the near-
wall regions.10 Otherwise artificial viscosity can contaminate the
physical dissipation.11

q-u Turbulence Model
The q-o) low-Reynolds-number turbulence model was first pre-

sented in 1983 by Coakley12 and was modified several times.1'13'14

For the calculations presented in this paper a 1992 version1 was used.
Although the high-Reynolds-number constants for the first version
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and the divergence of the velocity field
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we get the production rate of turbulent kinetic energy Pk = iitS —
(2/3)pkD. For modeling the low-Reynolds-number regions Coak-
ley and Huang1 introduced the damper Dq and the function C^i

Dq = 1 - exp(-0.022/?,), Cwl = 0.5D? +0.055 (15)

which depend on the turbulent Reynolds number

D Ptfw

The basic constants of this model are

Cql = 0.5,
aq = 0.8,

C^ = 0.833,

or* = 2.0,

Finally the eddy viscosity is calculated by

(16)

C^.= 2/3
= 0.09 (17)

(18)

The boundary conditions at solid walls are q = 0 and dco/dn = 0,
and the freestream and inflow conditions are taken from Ref. 1,
using a characteristic length. At the injection slot fixed values for
q and CD are specified. As the production term near the injector and
not the convective transport through the jet dominates the behavior,
the solution is not very sensitive to a variation of these values.

The preceding equations describe the standard q -a) turbulence
model. For cases with slot injection we investigated possible im-
provements by the introduction of some modeling corrections.
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airfreestream

330mm nitrogen jet^ m 1 mm 170mm ^

Fig. 1 Geometry and flowfield characteristics.

Correction 1
To improve the prediction of the surface heat transfer, a limitation

on the turbulent length scale lt was introduced in Ref. 1 (here for
y+ < 20). We use this as a constraint of the variable co

lt = min(2.5/w, q/co), co = q/lt (19)

This modification has only a small influence on skin friction and
separation.

Correction 2
Vuong and Coakley14 investigated the q-co turbulence model for

an oblique shock-wave and boundary-layer interaction flow. Here
the standard model can be strongly improved by a compressibility
correction that results in an increase of the separation bubble size.
This correction leads to a new constant for the velocity divergence
term, which now becomes

= 2.4 (20)

and is derived for uniaxial compression. This correction has a
stronger influence than correction 1. Both modifications do not af-
fect the performance of the model for attached flows. *

Correction 3
This compressibility correction was first introduced by Sarkar

et al.15 for the k-6 model to correct compressible mixing layers in
comparison to incompressible ones. Rizzetta16 used this correction
for air wall injections and obtained an improvement in the magnitude
of peak pressure and the extension of the jet interaction region. We
transformed this correction directly to the q-co model. It appears in
the source term of the q equation where the term —1 within the
brackets has to be replaced by

-(1+orM,2) (21)

The constant a was taken as 1 as suggested by Sarkar et al.15

Results
Three different test cases with transverse (N2, He) and axial (H2)

slot injection have been investigated.

Experiment of Aso et al.
Aso et al.17 investigated experimentally a nitrogen secondary flow

injected into a supersonic airstream. These investigations were per-
formed for different total pressure ratios between the injected stream
and the main flow. Figure 1 shows the flowfield characteristics and
the geometry. The computational grid consisted of 301 x 69 grid
points. With the exception of the first grid points in the immediate
vicinity of the leading edge, we obtained values for v+ < 0.23 for
the first grid points away from the wall. The mesh spacing near solid
walls is critical for low-Reynolds-number models. Investigations1

have shown an increased error in skin friction for y+ > 1. We have
refined the grid near the wall, the injection slot, and the leading edge
and increased the number of grid points in comparison with previous
calculations2 to get a grid-independent solution. The air mainstream
has a Reynolds number of 2.07 x 107 based on the length / = 0.33
m from the leading edge to the injection slot and a Mach number of
3.71. The total temperature and total pressure are 301 K and 12 bar,
respectively. The total temperature of the sonically injected nitrogen
is 301 K. Three different total pressure ratios (pt,mj/Pt,oo = 0.31,
0.42, and 0.49) are investigated numerically. The slot width of 1 mm

— q-o> standard model
— q-(0 model, correct. 1
..... q-o> model, correct. 2
— - - q-w model, correct. 1 and 2
D Experiment Aso et al.

0.85 0.90 0.95 1.00 1.05 1.10
Nondimensional Length x /1

1.15

Fig. 2 Surface static pressure distributions for the standard q-u model
and corrected versions.
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Fig. 3 Skin-friction distributions for the standard q-u model and
corrected versions.

is resolved by 20 cells. For the total pressure ratio of 0.31 we investi-
gated the influence of the described modeling corrections. Figure 2
shows the nondimensional static surface pressure distributions near
the injection slot for calculations with and without corrections. We
observed the same effect as Coakley and Hsieh13 for oblique shock-
wave and boundary-layer interaction flow: the standard q-co model
fails to predict the separation correctly. The size of separation in
front of the injector is strongly underpredicted. Improvements are
obtained by the described modeling corrections. Best agreement
with the experiment is achieved if corrections 1 and 2 are used com-
bined. Although the size of separation increases, the peak pressure
is lowered and in better correspondence with experimental results.
The modifications of the standard model have nearly no influence
on the pressure distribution downstream of the injector. Within the
skin friction distribution, shown in Fig. 3, a small change down-
stream of the injector is obtained if correction 1 is used. In front of
the jet-induced separation the standard q-co model has an unrealis-
tic overshoot that disappears if the corrections are applied. Similar
results are obtained if correction 3 is used. Figures 4 and 5 show a
comparison using corrections 1 and 2 or correction 3. Because of the
somewhat better agreement with the experiment, corrections 1 and 2
are used for all following calculations.

Further calculations are performed to demonstrate the effect of
added artificial viscosity. The employed second- and fourth-order
dissipation is ruled by a sensor that is normally based on the static
pressure. This sensor locates shock waves within the flowfield
where the second-order dissipation is needed to suppress oscilla-
tions. Wallin and Gronland18 used the pressure as switch parameter
for the mean flow variables and the turbulent kinetic energy for
the turbulence transport equations. With this strategy we obtained
worse results for the test case described. Because of the strong gra-
dients within the A: distribution near the injector, such a treatment
led to strong oscillations. Therefore all results presented are ob-
tained using a single pressure-based switch. For a further reduc-
tion of artifical viscosity this term is additionally multiplied with
(V«2 4- v2/wKf)P. This is necessary because near solid walls or
within separated regions very strong gradients in some flow vari-
ables may exist. In this case the second- and fourth-order deriva-
tives can be quite large, often leading to large nonphysical values
of artificial dissipation.10'11 The reference relative velocity scale
wref is chosen to be the freestream velocity and ft is taken to be 1.
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Fig. 4 Surface static pressure distributions for corrected versions of
the q-u> model.
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Fig. 6 Surface static pressure distributions for different kinds of arti-
ficial dissipation scaling.
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Fig. 7 Skin-friction distributions for different kinds of artificial dissi-
pation scaling.

Figures 6 and 7 show the influence of this treatment. With the re-
duced viscosity D(w), steeper gradients occur at the separation,
which agrees better with the experiment. The point of separation
is unaffected. Again, it should be underlined that the used matrix
dissipation is already less dissipative than the scalar one. We have
also tried a TVD sensor for this case but got no significant improve-
ments. Figure 2 shows experimental values for the pressure in front
of the separation that seem to be too high in comparison with our

Table 1 Flow conditions for He
______injection test case______

- Helium jet Air mainstream

p,bar 12.4 0.663
T,K 217 108
Ma 1 2.9
YH& 1 0
FN2 0 0.7664
Y0o 0 0.2336

0,98 0,94 0,90 0,86 0,82 0,78

28,7 f N 2 50,3

Fig. 8 Lines of constant nitrogen mass fractions.

Fig. 9 Geometry for He injection test case.

and other16'19 calculations. Clark and Chan19 found from flat plate
compressible flow theory a value of pwaii/Poo = 1.005 that would
be in good agreement with our numerical result.

In another investigation we have varied the turbulence inten-
sity of the nitrogen jet between 7winj = 0.005 and 0.1 without
getting visible differences. Results for increased pressure ratios
Ptivj/Ptoo = 0.42 and 0.49 also show a good overall agreement with
the experiment.20 Finally, the nitrogen distributions for all investi-
gated pressure ratios are given in Fig. 8.

Helium Wall Injection
The second wall jet experiment considered was conducted by

Kraemer and Rogers and is reported by Weidner and Drummond.21

The geometry of this experiment is given in Fig. 9. The flow is
assumed to be turbulent throughout. The computational grid con-
sists of 232 x 96 grid points, and 15 grid points are used for the
injection slot. The inflow conditions for the air and the sonically
injected helium are given in Table 1. In addition to the surface wall
pressure given in Fig. 10, the cross-stream pressure (Fig. 11), has
been measured and is compared with theoretical results. The in-
jector is located at x =0. The computational results upstream of
the injector compare reasonably well with the experimental data.
However, the leading separation bubble is smaller than in the ex-
periment. Downstream of the injector the pressure is to some extent
overpredicted. Especially the peak, which occurs in experimental
data at x = 3 cm, is not reproduced by the computation. These
discrepancies may also cause the underprediction in peak pressure
shown in Fig. 11 as well as its shift towards the lower wall. For this
experiment helium mass fractions have been measured for the same
cross section. Figure 12 shows a comparison between the numerical
and experimental results.
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Fig. 12 Helium mass fraction distributions at x = 3.81 cm.

Burrows-Kurkov Mixing Experiment
The third wall jet experiment considered was conducted by

Burrows and Kurkov22 and investigates axial hydrogen injection.
The geometry of the test section, which is identical to the computed
field, is given in Fig. 13. The computational grid consisted of 2
blocks with 99 x 57 and 119 x 75 grid points. The boundary line
that separates the two blocks is the nearly horizontal line plotted
in Fig. 14 . The grid resolves the lip above the injector, which has
a strong influence on the flow pattern. The high temperature gas
stream for this experiment is produced by precombustion that is
performed in such a way that no oxygen and only a small fraction
of hydrogen is left in the test section. The conditions for the vitiated
airstream and the sonically injected hydrogen are shown in Table 2.
We started the calculation 2 cm upstream of the wall step where we
assumed fully turbulent inlet profiles for w, T, q, and a). However,
because of the inflow setting v = 0, weak shocks are formed that
may be observed in the pressure distributions given in Figs. 14 and
15. The boundary-layer thickness of 1.2 cm is known from exper-
iment. The first out of two calculations with matrix dissipation is
performed with the original pressure-based sensor, whereas for the
second calculation the TVD sensor is used. At the corner of the wall
step an expansion fan is formed that is followed by a shock wave.
The oscillations in front and behind of this shock are reduced by
the TVD sensor. On the other hand this sensor is more dissipative
than the original one. Because the hydrogen is injected parallel to
the mainstream, supersonic mixing is dominated by turbulent dif-

Table 2 Flow conditions for HI
injection test case

p, bar
r,K
M0
*H2

*N2

^H20

Hydrogen

1.0
254
1.0
1
0
0

Air mainstream

1.0
1150
2.44
0.011
0.672
0.317

35.6 cm

Fig. 13 Geometry for Burrows-Kurkov experiment.

Fig. 14 Calculated pressure distribution using matrix dissipation.

Fig. 15 Calculated pressure distribution using TVD matrix dissipa-
tion.

—— Calculation
n H2 Experiment Burrows et al.
A N2 Experiment Burrows ct al.
v H2O Experiment Burrows ct al.

0.5 1.0 1.5 2.0 2.5
Height y [cm]

3.0 3.5 4.0

Fig. 16 Composition profiles at x = 35.6 cm.

fusion. This is in contrast to the previous cases, where the injection
pressure has a strong influence on the penetration depth and the
mixing process. The mole fraction distributions of H2, N2» and t^O
for the cross section 35.6 cm downstream of the injector are plotted
in Fig. 16. Theoretical and experimental results compare very well
in the near-wall region of the mixing zone (y < 0.7 cm). With grow-
ing distance from the wall the calculated profiles are steeper than
those of the experiment. Similar observations are made for the same
test case including combustion.10 Improvements could be achieved
by using smaller turbulent Schmidt numbers than 0.9. Libby and
Williams23 reported that for binary mixtures of gases with large and
small molecular weights the turbulent Schmidt number may be as
low as 0.25. However, the use of lower values would require new
experiments to determine turbulent Schmidt numbers depending on
the molecular weights of the different species.
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Conclusions
We have investigated the influence of different modeling cor-

rections for a low-Reynolds-number q-o» turbulence model. The
combination of the described corrections 1 and 2 leads to the best
overall agreement with experiments. Further improvements could
be achieved by a reduction of the added artificial viscosity in the
near wall-region. The q-co model has proven to be very stable even
in cases with wall injection, high total pressure ratios, and massively
separated flow.
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